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Desiderata

Given a system of differential equations, we would like to be able to
@ determine all analytic solutions;

@ obtain an overview of all consequences of the system;

in particular, given another differential equation, decide whether it is
a consequence of the system or not;

@ among the consequences find the ones which involve only certain
specified unknowns.
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Theorem (Cauchy-Kovalevskaya, 1875)

The Cauchy problem

n m

ouq ouy

ol E E a17j7k(zz7..,,Zmu1,...7um)T—I—h(zg,...,zn,ul,...
“1 =2 k=1 %

Oum LR Ouy

5 - E E Gm,j,k(ZQ,...,Zn,ul,...,um)T+bm(2’2,...,zn,u1,...
#1 =2 k=1 2;

u1(0,22,...,2n) = 0 for all z2,...,2n,

um (0,22,...,2n) = 0 for all zo,...,2n,

7u’m)7

where a; ; 1 and b; are real analytic functions around the origin of R™*+7=1 hasa

unique real analytic solution (w1, ..., um) in a neighborhood of (z1,...,zn) = (0, ...
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Systems of PDEs

A differential system S is given by

p1:07 p2:O> EERE pS:O7 CI17é07 CI27'£07 R qt?éo?

where p1, ..., ps and q1, ..., ¢; are polynomials in uy, ..., U, of 21, ..., 2,
and their partial derivatives.

Q) open and connected subset of C™ with coordinates z1, ..., z,

The solution set of S on Q is
Solg(S) == {f=(f1,. -y fm) | fx: @ = C analytic, k =1,...,m,
pi(f)zo’qj(f)#07/L‘:1)"'7S’j:17"'7t}'

Appropriate choice of €2 is possible only after formal treatment.
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Systems of linear PDEs

For some [, m, n € N,

some ring D of differential operators,
some matrix of operators R € D'*™ and
some left D-module F we can write

U1
U2
Ru = 0, where o = . ,
Um
for the unknown functions w; = u;(21,...,2,) € F,i=1, ..., m.

Consequences of (1): the left D-linear combinations of the rows of R,

i.e., the elements of D*! R.
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Linear PDEs

Example of a system of linear PDEs with constant coefficients:

9%u

2~
@+@+% — 0
oy o0xr oy

where u = u(z,y) depends on x = z; and y = 2.

Choose D = K[9;,0,], where K € {Q,R,C, ...} and where 9, and 9,
are the partial differential operators with respect to x and y, respectively.

The multiplication in D is composition of operators.
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Linear PDEs

Example  of a system of linear PDEs with non-constant coefficients:
3 3 0? 0
S O R
oxdy?  Oy3 Oy? Ay
PBu  Bu 2

u ou
4% + 4y — 5) —
axaer(ery 5)ay

= 0.

Choose K to be Q(z,y) or the field or meromorphic functions on some
open and connected subset ) of C2.

Moreover, we let D = K(0J,,0,) be the ring of differential operators

Y ai;0L05,  a €K,

4,7>0

(skew) polynomials in 9, and 9, with non-comm. composition
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Linear PDEs

Linearizing the system on nonlinear PDEs

z

2 (2)
0“u 3
i

for one unknown function u of x and y, we obtain

a—Uf2uU = 0,

Oz 3)
U .,
87y2—3u U = O,

for one unknown function U of z and y, where u is a solution of (2).

Preparatory treatment of the nonlinear system (2) is necessary to deal

with the linearized system (3).
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Linear PDEs

Thomas decomposition ~- splitting system (2) into

Uy —u? = 0 {0:,0y }

2u? —ut = 0 {*,0,}

u # 0 u =0 {0:,0}

Define D = Q(v/2)[u, Uz, Uy, Ug s Uy Uy, - - -] and the ideal I of D
which consists of all D-linear combinations of

Uy — u?, Oy (ua: - u2) , Oy (um - u2) , 02 (uw — u2) ,

Uy — 72u2, 0y (uy — %uz), Ay (uy — ?uz), 92 (uy — §u2),
= D/I integral domain, define K = Quot(D/I), D = K(0;,0,).

(Instead of uy — @ u? one may also choose uy + @ u?.)
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1. Janet's algorithm
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Janet's algorithm for linear PDEs

0%u _@ _ 0

Oxdy Oy find:  w=u(z,y) analytic
u _ Ou

oz oy

2 2
J— xT xT
u(z,y) = a0 +a1,0T +ao1y +azo 55 +a1,1 17 + o2 5 ...
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Janet's algorithm for linear PDEs

0%u _@ _ 0

Oxdy Oy find:  w=u(z,y) analytic
u _ Ou

oz oy

_ z? zy y>
u(x,y) = ao,0 +a1,0% + a0y + a0 Gy + a1 1y + Go2 5+ .-
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Janet's algorithm for linear PDEs

0%u

Oxdy B

0%y B

02?2

9 9%u

0 _ Ou
Oox \ O0zdy Jy

ou

Ay
du

y

)_

9
Oy

find:  w=w(z,y) analytic

Pu _Qu) _ 22w du _
Ox2 oy ) — Oy oy

_ z? zy y>
u(x,y) = ao,0 +a1,0% + a0y + a0 Gy + a1 1y + Go2 5+ .-
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Janet's algorithm for linear PDEs

0%u

Oxdy B

0%y B

02?2

9 9%u

0 _ Ou
Oox \ O0zdy Jy

ou

dy
du

dy

)_

0
Oy

find:  w=w(z,y) analytic

%u  du\ _ a2u_@_0
Ox2 oy ) — Oy oy

_ z? Ty v
u(x,y) = ao,0 +a1,0% + ao1 Y+ azo 5 + a1 1y + oz 5+ .-
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Janet's algorithm for linear PDEs

0?%u ~Ou 0

zdy Oy find:  w=wu(z,y) analytic
P ou _

ox2 oy

0 (Du _ou\_ o (0w _ou) _ Pu_ou _
Ox \ Oxdy oy Oy \ 0z2 oy ) — 0y? oy

2 x 2
u(x,y) = ao,0 +a1,0% + a0 1y + az0 Gy + a1 1y + Go2 5+ .-

Janet'’s algorithm computes a vector space basis for power series solutions

(Maurice Janet, ~ 1920)
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Janet's algorithm for linear PDEs

Uyy = 0 A
Up,x — YUz,z = 0 B

is equivalent to

Uyy = 0 A
Ug,z — YUz,z = 0 B
Uy, 2,2 = 0 102 —yo2)A - LolB
Ug,y,y = 0 Oz A
Uz, 222 = 0 (05 — 2909202 + y?92)A — $(9207 — yd202 +20,02)B
Ug,y,z,z = 0 %(33 — yazag)A — %81853
Uz,2,2,2,2 = 0 183 — 299302 + y20,0) A — 1(8307 + y0,0207 — 20,0,02)B

Taylor coeff's for 1, z, y, , 22, Yz, Tz, TY, 23, 122, TYz, xz3

arbitrary,
all other coeff's determined by linear equations
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Strategy
D =K]|04,...,04], K field
I ideal of D (or, more generally: M submodule of D™)
goal:  compute “good” generating set for [ (Janet basis)

sort terms in a polynomial in a way compatible with multiplication
total ordering > on M := Mon(dy,...,9,) :={9" | i € (Z>o)"}

no infinitely descending chains of monomials

use highest terms lm(p), lm(g) to decide “divisibility”
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Multiple closed sets of monomials

M := Mon(ds,...,0,) = {0 |i € (Z>o)™}
S CM is M-multiple closed if

mseS VmeM, se€f§

M-multiple closed set

generated by 0,03, 070,, 0f

=: <61822, 8?82, 811 >M
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Multiple closed sets of monomials

Lemma
Every M-multiple closed set S C M has a finite generating set.

Proof.

Every seq. F: mji,mg,mg... €M st. m; fm; Vi<j is finite.
Induction:  n = 1: clear.
n—1—mn Let my=0""--9%.

d) . mizai’l--ﬁd--ﬁbn

Define subsequence FU: ; n

We have: U U FU9}) ={F}

1<j<n 0<d<a;

By induction, the {FU:®} are finite.
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Multiple closed sets of monomials

Lemma
Every M-multiple closed set S C M has a finite generating set.

Cor.

Every ascending sequence of M-multiple closed sets becomes stationary.

Given a finite generating set {p1,...,p,} for I <QK[01,...,0y],
Janet’s algorithm computes

SpC 81 C...C S, =1m(I) (all M-multiple closed)

where Sy is generated by 1Im(py), ..., lm(p,)

= termination
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Decomposition into disjoint cones

Def.
Let C C Mon(dy,...,0,), uC{dr,...,00}

(Cyp)isa cone if JveC st. C=Mon(u)v
Variables in p:  multiplicative variables (for v)

Variables in {01,...,0,} —p:  non-multiplicative variables (for v)

Dimension of (C,u):  |p]
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Decomposition into disjoint cones

Def.
Let S CM = Mon(di,...,0).

{(Olmul)v R (Craﬂr) } C P(M) X P({ab s 78n})

is a decomposition of S into disjoint cones if

each (Cj, ;) isaconeand S= U:ZICZ-.

{(vi,p1), ..., (vr,pr) } isa decomp. of S into disj. cones

if {(Mon(uy)v1,p1), ..., (Mon(u,) v, pr) } is one.
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Decomposition into disjoint cones

Strategy of Janet's algorithm:

Decompose M-multiple closed sets S into disjoint cones.

L S = (0103, 30, 0 )t
decomposition:
AN 0105 { x,02}

SN 8202 [ x,05)

R RN 930, {x,0)

| . . of {01,0:}

This can also be done for Mon(9y,...,0,) — S.
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Janet division

The possible ways of decomposing M-multiple closed sets
into disjoint cones are studied as

involutive divisions  (Gerdt, Blinkov et. al.)

Janet division:
Let G C M = Mon(94, ..., 0,) be finite.
For a cone with vertex v =097*---9% € G

0; is a multiplicative variable iff

a; = max{ b; | ?° € G; bj=a;Vj<i}.
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Janet division

For v =0f"---0%:

D ep <= a;=max{b; | €G;bj=a;Vj<i}.

Example: G = {0203, 010205, 0?0 05, 02 03 }

02 03
01 02 03

02 8 05

0% 03
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Janet division

For v =0f"---0%:

D ep <= a;=max{b; | €G;bj=a;Vj<i}.

Example: G = {0203, 010205, 0?0 05, 02 03 }

D03 | * 0Oy O3
81 82 (93 *x 82 83

8% 82 83 31 * 83

03 02 01 Oy O3
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Decomposition into disjoint cones

Decompose(G, 1) G C Mon(dy,...,0,), 0#nC{d,...

G+ {geG|2heG:h]|g}
if |G|<1 or |p/=1 then

else

fi

return {(m,n) | m € G}

Y4+ Yo with a=min{i|1<i<n,y; €n}
d%max{degy(g)\geG}
Gi + {g € G |deg,(9) =i}, i=0,...,d

Gi+ G uUy{v'7gg€Gy}, i=1,...,d
Ta + {(m,CU{y}) | (m,() € Decompose(Ga,n — {y}) }
T; < Decompose(Gi,n — {y}), i=0,...,d—1

d
return | Ji_, Ts
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Janet reduction

NF(p, T, >) peK[ala"wa’nL T:{(dlnul)a"w(dsnus)}
r<0
while p#0 do

if 3(d,p) €T :1lm(p) € Mon(p) lm(d) then

lo(p) 1m(p)
p—=p— 10(5) 1m(5) d

else
r <1+ lc(p) lm(p)
p < p—le(p) Im(p)
fi
od

return r Disjoint cones = course of algorithm is uniquely determined
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Janet’s algorithm

JanetBasis(F, >) F C Klb,...,0,] finite
G+ F
do

G < auto-reduce G

J { (p1,M1)7 cee (p'rv.u/T)} s.t. {(lm(pl)vul)’ B (lm(pT)vﬂr)}

Janet decomposition of (Im(G) )m

P+« {NF@ -p,J) | (p,p) e, 0& pu} (passivity check)
G {pl(pme}up

while P # {0}

return J
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Janet basis
Janet basis J = {(p1, 1), -, (Dr,ptr) } for I = (F)

@ Invariant of the loop:
G (or {p1,...,pr}) always forms a gen. set for I
T
° U Mon(u;)p; is a K-basis of I.
i=1

Linear independence: clear.

T
pel: p=) cpi
=1
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Example

Let I:={(g1,92) I Kz,yl, qr:=2"—y, g2:=ay—vy.

Let > be degrevlex, x > y.

Decomposition into disjoint cones of  (1m(g;), lm(g2) ):

{@® {2,9}), (2y.{y}) }
fi=x-gg=2%y—ayecl, f:Zc,-gi?

Reduction of f modulo g1, g yields: g3 =y>—yel

{(g1,{z,y}), (92, {v}), (g3, {v}) } (minimal) Janet basis for I
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Linear PDEs

Linearizing the system on nonlinear PDEs

z

2 (4)
0“u 3
i

for one unknown function u of x and y, we obtain

a—Uf2uU = 0,

Oz (5)
U .,
87y2—3u U = O,

for one unknown function U of = and y, where u is a solution of (4).

Preparatory treatment of the nonlinear system (4) is necessary to deal

with the linearized system (5).
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Linear PDEs

Thomas decomposition ~- splitting system (4) into

Uy —u? = 0 {0:,0y }

2u? —ut = 0 {*,0,}

u # 0 u =0 {0:,0}

Define D = Q(v/2)[u, Uz, Uy, Ug s Uy Uy, - - -] and the ideal I of D
which consists of all D-linear combinations of

Uy — u?, Oy (ua: - u2) , Oy (um - u2) , 02 (uw — u2) ,

Uy — 72u2, 0y (uy — %uz), Ay (uy — ?uz), 92 (uy — §u2),
= D/I integral domain, define K = Quot(D/I), D = K(0;,0,).

(Instead of uy — @ u? one may also choose uy + @ u?.)
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Example

2 3
9 (87[]_3“2(]) - ﬂ_g(gu@U+u2aﬂ)
oz \ Oy2? Ox Oy? ox Ox
3
- U U —6udU.
Ox Oy?
and
2 3 2 2
0 ({LU_MU) - ovu _Q(BJUJF ou 0U UM)
Oy? \ Oz Oz Oy? Oy? Oy Oy Oy?
o3U

oU
3 2 3
72—2’11 ‘/—2\/5’11/ — —6uU

Hence, we obtain
o (0%U 8% [oU oU
- (— —3u2U) - (— —2uU) = 2V2u? —= — 443U,
Ox \ 0y? Oy? \ Oz oy

which yields the consequence
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Example

Janet basis:

==}

Ups—2uU = 0, {0:,0y},
U, FV2uU = 0, {*,0,}

Substituting
2

—QJUi\/iy—l—c7

for w in this Janet basis results in a system of linear PDEs for U whose
analytic solutions are given by

u(z,y) = ceR,

C
Ulz,y) = ; C eR.
(.9) (=22 + /2y + ¢)2
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(Generalized) Hilbert series

Janet basis J = {(p1,p11), ..., (Pr,ptr) } for I

We have Im(I) = (lm(p1), ..., Im(p,) )m-

Generalized Hilbert series

d 1
Hl(ala--~7an)zzlm(pi) H -0
95 €p; J

i=1
enumerates a K-basis of (lm(7)).

Hy(t,...,t) is the usual Hilbert series.
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Example

Janet basis for I

J = {(alagﬂ {82})7 (8%837 {82})7 (3%82, {82})7 (8117 {81782})}

JNCF Luminy 2018

generalized Hilbert series:

0102 0202 030,

o

1-0 1—-02 1-0,

(1-01)(1—09)



Hilbert polynomial

Janet basis of M:

Hylt,... )

Coeff. of t* in Hy(t,. ..

dimK Mk = Z

JNCF Luminy 2018

{(pl,.ul)a ..

,0) 7

s (Propir)

= ZdlmK Mk tk
k>0

r

_ Z deg(pi) L
(1— t)l#il

i=1

= itdeg(m) Z (|M1| J;J o 1> 7
=1

Jj=20

- (Iml + k — deg(p;) — 1>

P k — deg(p;)

For k > max{deg(p;)|i=1,...



Example

S =1m(I)

Decomposition of Mon(9y,...,0,) — S into disjoint cones

~~ generalized Hilbert series enum. a K-basis of K[01,...,0,]/I
generalized Hilbert series:

1
1— 09

+ 01 + 0105 + 07 + 0705 + O}
Hilbert polynomial:

6
il + k — deg(p;) — 1Y _
Z( k— deg(pi) )‘1

i=1
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Power series solutions

A0 {=.0,0.%
e =0 {(£.0,,0.)
aj:gzzo’ {0e, %, 0.},
ajg’gyzo, {02,0y,0: }.

Janet decomposition of the set of parametric derivatives / generalized Hilbert series:

1, { *,0y,0:},
Opy, { %, x,0:} 1 R 52 a3
82, { %, %,0. ), o0 0.) T 16, T1o6, T 16,
agv { T *7 * }

Accordingly, a formal power series solution w is uniquely determined as
w(z,y,2) = fo(y, 2) + z f1(2) + 22 fa(2) + 2° f3(z)

by any choice of formal power series fo, f1, f2, f3 of the indicated variables.
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Power series solutions

complete:

9%u
a2
9%u
By?
83u
Ox0y?

integrability condition:

JNCF Luminy 2018

= f(l‘vy)

= g(mvy)

f(z,y)

g(z,y)

9
ozx

{833789}7
{ *789}7

{*,0y}

0% _ 0%
oy2 022’



Power series solutions

Janet decomposition of the set of parametric derivatives:

1’ { * b * }7
9z, { x,=*}
ay’ { * ’ * }7

020y, { *, x }.
initial conditions:

u(0,0) = ao,0,
ou
—(0,0) = ,
am( ) 41,0
ou
a_ 070 = )
6y( ) ao,1

0%y

(070) = ai,1

0xdy

xt oyl yJ
u(z,y) = ao,0+ao1 y+aiortar 1 cy+ | aij — +Z ao,; +Z 1T =
i>2,7>0 al ]' ‘7. j>2 J:
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Power series solutions

Janet decomposition of the set of parametric derivatives:

1’ { * K * }7
9z, { x,=*}
8y’ { * ’ * }7

020y, { *, x }.
initial conditions:

U(0,0) = a070,
ou
—(0,0) = s
Bx( ) 41,0
ou
a_ 070 = )
ay( ) ao,1

0%y

(070) = ai,1

0xdy

z rw Y[y Y (Y dg
u(z,y) = aop,0+...4a1,1 ry+// f(z,y)dxdx+// g(Oyy)dydy+w// —=(0,y)dydy
0Jo 0Jo 0Jo Ox
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Desiderata

Given a system of differential equations, we would like to be able to
@ determine all analytic solutions;

@ obtain an overview of all consequences of the system;

in particular, given another differential equation, decide whether it is
a consequence of the system or not;

@ among the consequences find the ones which involve only certain
specified unknowns.
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Elimination

Lemma
JCR:=K[Xy,...,Xpn,Y1,...,Y,] Janet basis w.r.t. any term order.

Forany 0#pe€ R let lm(p) be its leading monomial.
It {peJlpeKi,....Yn]} ={peJ|lm(p) € K[Y1,...,Yn]},

then  JNK[Y1,...,Y,,] generates (J)NKI[Y1,...,Y,]

Proof. Let 0#pe (J)NK[Y1,...,Y,]. Since J is a Janet basis,
g€ J, Im(q) € K[Y1,...,Yn], 1m(q) |1m(p).
By assumption, ¢ € K[Y1,...,Yn].

Reduction p =0 in K[Yy,...,Y,]. O
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Free resolution

Janet basis J ={(p1,1), ..., (pr,ptrr) } for I
We have ;p; = 32, i jk Pk, 05 & wiv  aijr € Kl
Define m: DI — D : p; — p;. (p; std. gen.)
Prop.
8jﬁi_zai,j,kﬁka 8] g,uu i:l’_..77"7
k

form a Janet basis of kerm for a suitable monomial ordering.

~~ construction of a free resolution of D/I.
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Example

D:K[al,az,ag], 81 >82>83, I:(61762783)

Janet basis:
o1 01 Oy O3

82 * 82 83
63 * * 63

normal form computation: 010y — 0y -0y
0103 — 0301
0o - 03— 05 -0

o1
02
03

—0s o1 0
—03 0 o1
0 —03 0o

D1><3

JNCF Luminy 2018
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Example

D:K[al,ag,ag], 81 >82>83, I:(Gl,ﬁg,ﬁg)
Janet basis:
[—0s o1 0] | o1 02 05
[—0s 0 O] | O 02 05
[ 0 —83 @] * (92 83

normal form computation:

O1-[ 0 —05 85— 0y [—0s

—0s o1 0
—03 0 o1
(33 —0s 81) DIX?’ 0 —03  0O2

0 61] + 03 - [—62 o1 0]

0—D
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Free resolution

Prop.
Bjﬁi_zai,j,kﬁka 8] ¢,Uzv 7::1,...,7",
k

form a Janet basis of kerm w.r.t. <.

Choose a total order < on J s.t.
o1 O

pr < py if 3 path from p; to pi in the Janet graph.

9" Im(py) < &7 lm(py)

O pp <0 p = , .
or 0" lm(pg) = lm(p;) and pr < py
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Consequences

{(p1,11)y -+, (Prypur) } Janet basis for I <R
@ can decide ideal membership
@ normal form for residue classes modulo I
@ enumeration of a K-basis of I and a K-basis of R/I
(generalized Hilbert series)
@ can easily determine Hilbert polynomial
@ can read off a free resolution of R/I

@ every Janet basis is a Grobner basis
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Janet bases over Z

NF(p, T, <) pEZxr,...,xp], T ={(di,p1);---,(di,pu)}

r<0
while p#0 do
if 3(d,n) €T :1m(p) € Mon(u)d then
write lc(p) = a - le(d) + b, [b] < |le(d)|
if a##0 then
pp—a }:EZ% d
else

move leading term from p to r
fi
else
move leading term from p to r
fi
od

return r
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Janet bases for Ore algebras

Skew polynomial ring A[0; 0, 0]:
A domain and K-algebra
oc:A— A K-algebra endomorphism
6:A— A o-derivation, i.e.
d(ab) =o(a)d(b) +d(a)d, a,be A

A[d;0,0] = {Zala | ai € A, z€Z>o}

fin

with commutation rule

da=o(a)0+d(a), acA
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Janet bases for Ore algebras
Ore algebra D = A[01;01,01] ... [Om; Om, Om]:

A=K o A=Klzry,...,x]
o;i: D — D K-algebra endomorphisms

0; : D — D o;-derivations

A[@l;al,él] c. [Om;am,dm] = {Zaz 81 | a; € A, 1 € (Zzo)m}
fin.

with commutation rules
dia = oi(a)d; + d;(a), a € A,
0;0; = 0;0;
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Janet bases for Ore algebras

o Weyl algebra: ordinary differential equations
Ay = K[t][ 4] da=ad+%
o Weyl algebra: partial differential equations

An:K[xl,...,xn][al,...,ﬁn]

al'l’j =j 0; + 5¢j

o B, =K(x1,...,2,)[01,...,0n]

o Shift operators: difference equations
Sh = K [t][0] [t = (t—h)on)

@ combinations ...
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Janet bases for Ore algebras
D = K[xl,...,:nn][81,...,6m]
I left ideal of D generated by p1, ..., p,
@ normal form for elements of D:
use 0; Tj = O'i(.’Ej) O+ ...
to move all J; to the right of every z;
o M:={2'07 |i € (Z>0)", j € (Z>0)™}
consider M-multiple closed set generated by

the normal forms of Im(p;), i =1,...,r
@ decomp. into disj. cones as before

@ reduction: all multiplications from the /eft
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Janet bases for Ore algebras

D:K[;vl,...,:rn][(?l,...,@m]
I left ideal of D generated by p1, ..., p,

For termination of the algorithm, assume that
Oiwj = (cijwj +dij) O +eij

where ¢;; € K —{0}, d;; € K,

eij € Klr1,...,x,] with deg(e;;) <1
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Involutive

@ Janet (-like Grobner) bases for submodules of free modules over a
commutative polynomial ring

@ coefficients: rationals or finite fields and field extensions, and
rational integers

@ Janet division, Janet-like division

@ term orderings:
degrevlex, plex
TOP / POT
block / elimination orderings

web: http://wwwb.math.rwth-aachen.de/Janet
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Involutive

@ Analogues of Buchberger's criteria can be selected

@ Interface to C++:
call fast routines when needed or
switch to fast routines for the whole Maple session

@ Syzygies, Hilbert series, etc.

@ Applications:
commutative algebra
solving systems of algebraic equations

web: http://wwwb.math.rwth-aachen.de/Janet
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Main procedures of Involutive

InvolutiveBasis

compute Janet(-like Grobner) basis
PolInvReduce

involutive reduction modulo Janet basis
FactorModuleBasis

vector space basis of residue class module
Syzygies

syzygy module
PolResolution

free resolution
PolHilbertSeries, PolHilbertPolynomial, etc.

combinatorial devices

PolMinPoly, PolRepres, etc.

computing in residue class rings
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Janet

@ Janet (-like Grobner) bases for linear systems of partial differential
equations

@ Janet division, Janet-like division

@ analogues of Buchberger's criteria can be selected

@ computational tools for differential operators

@ elementary divisor algorithm for K (x)[0] (Jacobson normal form)
@ parametric derivatives

@ formal power series solutions, polynomial solutions

web: http://wwwb.math.rwth-aachen.de/Janet
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Main procedures of Janet

JanetBasis

compute Janet(-like Grébner) basis
InvReduce

involutive reduction modulo Janet basis
ParamDeriv

parametric derivatives
CompCond, Resolution

compatibility conditions (syzygies)
HilbertSeries, HilbertPolynomial, etc.

combinatorial devices
SolSeries, PolySol

formal power series / polynomial solutions
ElementaryDivisors

Jacobson normal form
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ginv

® C++ module for Python

@ comp. of Grobner bases using involutive algorithms
@ polynomials, differential / difference equations

@ open source software

@ originated by V. P. Gerdt, Y. A. Blinkov

@ contributions by LBfM

@ coefficients:  rationals or finite fields and some algebraic and
transcendental field extensions

@ term orderings:  degrevlex (TOP / POT), lex, product orderings
@ see web page for timings

web: http://invo.jinr.ru
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ginv

import ginv

st
im
ic
ip
iw

iD

ginv.
ginv.
ginv.
ginv.
ginv.

ginv.

SystemType ("Polynomial")
MonomInterface("DegRevLex", st, [’x’, ’y’])
CoeffInterface("GmpZ", st)
PolyInterface("PolyList", st, im, ic)
WrapInterface("CritPartially", ip)

DivisionInterface("Janet", iw)

egs = ["x"2+y"2", ...]

basis

= ginv.basisBuild("TQ", iD, egs)
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Involutive Basis Algorithm (Gerdt)

choose f € F with the lowest Im(f) w.rt. <
G—{f}y Q«F-G
do
h<+0
while Q@ #0 and h=0 do
choose p € @Q with the lowest Im(p) w.rt. =
Q< Q—{p} h«NF(pG, <)
if h#0 then
for all {g € G |Ilm(g) = ' lm(h), |i| > 0} do
Q<+ QuU{glh G+ G-{g}
G+ GU{h}
Q<+ QU{z g|geG, xnon-mult. for g }
while Q # 0

return G

JNCF Luminy 2018



Janet-like Grobner Bases

Idea: do not store all

e >
e >

the prolongations

L

@

~~ Janet-like division

Note: In general, the minimal Grobner basis is still a proper subset of the
Janet-like Grobner basis.

V. P. Gerdt, Y. A. Blinkov, Janet-like Monomial Division. Janet-like Grébner Bases.
CASC 2005, LNCS 3781, Springer, 2005
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Formal Power Series

Let D= K|z1,...,2n][01,...,01] s.t. Janet bases can be computed.

Theorem
F :=homg (D, K) is an injective left D-module.

The pairing  (, ):DxF — K :(d,\) = A(d) is non-degenerate:
A € F is uniquely determined by A(d), d€ D

A € F is uniquely determined by A(m), m € Mon(D)
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Formal Power Series

Thm. F:=homg(D, K) is an injective left D-module.

Proof. By Baer's criterion, consider w.l.o.g. left ideal I of D
and ¢:I —F. Extension ¢:D — F7

System of D-linear equations d-\=¢(d), del, MNeF.

J Janet basis for I = U Mon(p;)p; is a K-basis of I
i=1

choose values (m,\) = A(m) for m € Mon(D) —Im(I)

= values (Im(p),\) uniquely determined = solution A € F

® defined by @(1) := A.
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Algebraic Geometry
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Special Solutions

4 v-Vo—vAv+ %Vp =0 (Navier-Stokes)
9
FE+V-(pv) = 0
cylindrical coordinates r, 0, z, p=1 (incompressible flow)

Ansatz:  v;(r,0,z) = fi(r)g:(0)hi(2), i=1,23

u € {v1,v2,v3},

(z,9) € {(r,0),(r,2),(0,2)}

PDE: Ul y — UglUy = 0,

one of the many simple systems of the Thomas decomposition:

_ (t+c2) F1(t) r (04c1)r
o(t,r,0,2) = (_ - 2(t+ca)’ TTes 70)7

pt,7,0,2) = (t+c2) In(r)Ey () — LE2LIO% | (1) 4 (6 + 1)) Py (1)

2vIn(r) + ((94’61)2*%)7‘2
t+co 2(t+cg)? :

+ Fa(t) —
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2. Thomas decomposition of differential systems
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Systems of PDEs

A differential system S is given by

p1:07 p2:O> EERE pS:O7 CI17é07 CI27'£07 R qt?éo?

where p1, ..., ps and q1, ..., ¢; are polynomials in uy, ..., U, of 21, ..., 2,
and their partial derivatives.

Q) open and connected subset of C™ with coordinates z1, ..., z,

The solution set of S on Q is
Solg(S) == {f=(f1,. -y fm) | fx: @ = C analytic, k =1,...,m,
pi(f)zo’qj(f)#07/L‘:1)"'7S’j:17"'7t}'

Appropriate choice of €2 is possible only after formal treatment.
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Systems of PDEs

A differential system S is given by
plzoa p2:07 ) pszov Q17é07 q27é0a (RS qt#ov

Consequences of the system obtained in a finite number of steps from:
@ p; =0,p2=0, ..., ps =0 are consequences,
@ if p = 0 is consequence, then any partial derivative of p = 0 is,

@ if p- g = 0 is consequence and ¢ a factor of some ¢;, then p =0 is
consequence,

@ if p=20, r =0 are consequences, then ap +br =0 s
(a, b differential polynomials)
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Polynomial ODEs / PDEs

du\? du . .
— ) —4t— —4 82 =0 find:  w = u(t) analytic
<dt> a v (£) analy

t? t3
u(t)=ao+art+ays +azg +...

Substitute and compare coefficients:

a%—4a0=O apg:=0 = a1 =0
2@1@2—8&120
ajaz+a3—6ax+8=0 = (ag—2)(az—4)=0

Many case distinctions?

Thomas’ algorithm  ~~  finitely many so-called simple systems

(Joseph Miller Thomas, ~ 1930)
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Algebraic geometry

L = {pl(mla"'axn) = Oa cees Pr = Oa q1 7é 07 <ovy s # 0}

polynomial equations (and inequations)

Sol(L) = {aeC"|pi(a) =0, gj(a) #0Vi,j}
Conversely, let S C C™.

Z(S) = {peClxy,...,xs] | pla) =0Vae S}

Nullstellensatz (Hilbert, 1893) (for equations)

radical ideals of C[z1,...,x,] <+—  zero sets in C"

are bijections which are inverse to each other.
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Differential algebraic geometry

Differential algebra (Ritt, Kolchin, Seidenberg, ...)

Q C K a differential field with commuting derivations 91, ..., O,
Differential polynomial ring with derivations 91, ..., O,

K{u} := K[0" - 0lnu | i € (Z0)™] = K[ty sy ooy Uz, s Uy 2y 1]

",

K{u} not Noetherian (e.g., [u'v”, v"v",...] C K{u} not fin. gen.)

Thm. (Ritt-Raudenbush).
Every radical diff. ideal of K{uy,...,us} is finitely generated,
is intersection of finitely many prime diff. ideals.

Thm. (Differential Nullstellensatz).

Every radical diff. ideal I C K{u,...,u;} has a zero in a diff. field ext.
of K. If f € K{uy,...,un} vanishes for all zeros of I, then f € I.
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Thomas Decomposition

K{u} = K[u,Ug, Uy, . - -, Ug g, Ug ys Uy gy, - - -] diff. polynomial ring
U< < Uy <ty < < Uy < Upy < Upg < ... (ranking)
algebraic reduction: p= ngy + ...

— a2
q=CUzz,+...

p — T:c'p_um,z,y'q

- . . . _ 3
differential reduction: P= Upgpyyt .-

— 2
q=CUzz,+...

— _9q
9y 4= gy, Uzayy + -

— _ 94 2
P T = P, P Yaayy “Oyq

reduction requires: initial ¢# 0 and separant auaq #£0
iy
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Thomas Decomposition
R=K{uy,...,um}
Def.  Thomas decomposition of diff. system S (or Sol(S)):

Sol(S) = Sol(S1)W...wSol(S,), S; simple diff. system

Thm. S={p1=0,...,ps=0,q1 #0,...,q # 0} simple diff. system
E  diff. ideal generated by pq, ..., ps
q product of initials and separants of all p;
Then
E:q* ={peR|q -p€Eforsomer e Zsy} = Ir(Sol(S))

consists of all diff. polynomials in R vanishing on Sol(S).
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Thomas Decomposition

p=a3+ By + Dz + 3y +2y)z+3> =0

Y

N/
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Thomas Decomposition

p=a3+ By + Dz + 3y +2y)z+3> =0

Y

N

.
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Thomas Decomposition

p=a3+ By + Dz + 3y +2y)z+3> =0

\

Y

\

/'\

<
N

AN
disc, (p) = y2(4 — 27y?)
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Thomas Decomposition

p=a3+ By + Dz + 3y +2y)z+3> =0

2 non-real points \
AN

Y

\
C

<
N

AN
disc, (p) = y2(4 — 27y?)
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Simple Systems

K field of char. 0, p1, ..., ps, q1, ..., @t € K[z1,...,24)

V={ae®" |pla) =0, (@) #0 Vi j}

T Kn_(i_l)

BNy G (@i @ig1y- -y an) — (Qig1y .-y an)
Vii=V, Vig=m(W)
V' is simple, if for each ¢ one of the following three cases holds:
de V(ait1,...,a,) € m(V;) 3 agl), . 7a§e) (al(j),ai+1, coyap) €V
3f Y(ait1,-..,an) € (V) E!al(-l), . 7al(-f) (agj),aiJrl, coyan) €V,
V(ait1, .- an) € (Vi) (@i, ait1,-..,a,) €V; Va; € K
Thomas decomposition:  Write V =W, 4... &, where WW; simple
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Simple Systems
Dly cor Dsy 1, -0 @ € K[21,...,25], Ty > To > ... > Ty
V= {a eK" |pi(a) =0, gj(a) #0 Vi,j}
ldentify Kl[z1,...,z,] = K[z,][Tn-1]...[x1].
S={p1=0,...,ps=0,¢1 #0,...,q: # 0} is a simple system, if
1. Each variable is leader of at most one p; or g;.

2. The initial of p;, ¢; has no zeroin m(V4),

if x isthe leader of p; resp. g;.

3. pi(zk, ag+1, .-+, an), qj(Tk, Gkt1,...,a,) are square-free
for all (ag41,.-.,an) € m(Vi),

if x isthe leader of p; resp. g;.
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Thomas Decomposition

p=az?>+br+c=0, p € Q[z, ¢, b, al, r>c>b>a

ax?+bx+c = 0

JNCF Luminy 2018



Thomas Decomposition

p=az?>+br+c=0, p € Q[z, ¢, b, al, r>c>b>a

ax?+bx+c = 0 bx4+c = 0
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Thomas Decomposition

p=ax’+br+c=0, p € Q[z, ¢, b, al, r>c>b>a
ax’+bzr+c = 0 2ax+b = 0 br4+c =0
dac—b*> # 0 dac—b> = 0
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Thomas Decomposition

p=ax’+br+c=0, p € Q[z, ¢, b, al, r>c>b>a
ax’+bzr+c = 0 2ax+b = 0 br4+c =0
dac—b*> # 0 dac—b%> = 0
b # 0
a #0 a # 0 a =0
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Thomas Decomposition

p=ax’+br+c=0, p € Q[z, ¢, b, al, r>c>b>a
ax?+bx+c = 0 2qx+b = 0 bx4+c = 0
dac—b*> # 0 dac—b> = 0 c =0
b #0 b =0
a # 0 a # 0 a =10 a =20
1 # T T1 = X9 T alzeQ

solve p(x) =0 for fixed choice of a, b, ¢
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Thomas Decomposition

2421 = 0 (z,y)
(1-y)t-z = 0 W t
p=a22+y =1, p=a+ty—t € Quyt], z>y>t

p—(@—ty+t)ps = (y—1)((>+1y—t>+1)

Thomas decomposition:

B+Dax—-2t =0 z =0

BP+1y—t*+1 =0

<
|
—
Il
o

t2+1 #£ 0
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Thomas Decomposition

S:{p1:07 '~~7ps:07 q1 7&07 ceey Qt#o}
Def.  Thomas decomposition of diff. system S (or Sol(S)):
Sol(S) = Sol(S1) W...wSol(S,), S; simple diff. system

Def. S is simple if

(a) p1, .-\ Ds, @1+ .-, q have pairwise distinct leaders,

(b) leading coefficients and discriminants of p; and ¢; do not vanish,
(¢) p1, ..., ps form a passive PDE system,

(d) ¢1, ..., g are reduced modulo p1, ..., ps.

set of admissible derivations p; C {01,...,0,} for p;, i=1, ...
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Thomas Decomposition

p=u?— 4t —4du+8t> =0

Separant of p: g—g =20 — 4t

res(p, 92, 1) = —16u + 16

Thomas decomposition:

p =0

u—t> # 0

u—t2 =0

general solution:

essential singular solution:

JNCF Luminy 2018
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Thomas Decomposition

Fu_ou |
ox2  oy2
ou 9
——u" = 0
ox
Define
P1 = Ug gy — Uyy, po = Uy — u’

R = Q{u} with commuting derivations 0, 9.

degree-reverse lexicographical ranking > on R with 0, u > 0y u
p3 = p1— Oy p2—2upy = — Uy y + 2u?.

Janet division associates the sets of admissible derivations:

uy —u? = 0, {0,0,}

—2u? 0, {x*,0,}

Uy,y
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Thomas Decomposition
passivity check:

0o+ s — 61y~ 2upy = (g )

factorization ~»  splitting possible

If the above factorization is ignored, then the discriminant of
pa := u;, — u" needs to be considered, which implies vanishing or

non-vanishing of the separant 2u,. This case distinction leads to the

Thomas decomposition

uy —u? = 0, {0, Oy}
w2 —ut = 0, {*,0,}
u # 0 u = 0
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Thomas Decomposition
passivity check:

0o+ s — 61y~ 2upy = (g )

factorization ~»  splitting possible

For both systems a differential reduction of p3 modulo the chosen factor
is applied because the monomial 9, defining the new leader divides the
monomial d,,,, defining 1d(p3). We obtain the

Thomas decomposition

g
8
[
g
|

2 0, {0s,0y} uy —u? = 0, {0;,0,}

%‘i’uz = 0, {*,ay} uy*u2 0, {*78?!}
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Thomas Decomposition

ou g Fu_ P owou
ot dr = ox3 otdxr ot dx

R := K{u} with commuting derivations J;, 0,

degree-reverse lexicographical ranking on R with u; > u,

Define
p o= up —6uUUy + U g, q = UlUpg — Ut Uy
1d(p) = Uy 4,0, 1d(q) = wt 4, init(p) = 1, and init(¢) = u. Hence,
{p=0,¢=0}
is a triangular set. We replace this system with two systems
{p=0,¢=0,u=0}, {p=0,¢=0uz0}
according to vanishing or non-vanishing initial of g.
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Thomas Decomposition

The first system is equivalent to the simple differential system
Sy ={u=0}.

The second system is simple as an algebraic system, but not passive.

Janet division associates the sets of admissible derivations:

{ p = ut—6uum+ux,m,w7 {*781}

q ‘= UUtgx — Ut Uy, {ahaa:}
Janet reduction of 9; p modulo { (p, {0:}), (¢,{0% 0 }) } yields

roi= u(upt 7q.r,.r) —UULD F Uy Gy

.2 2 2
= W —u(BU® —Up ) Upg — Ut Ug Uy o — WU
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Thomas Decomposition
{p=0,¢=0,r=0,u+#0} is simple as an algebraic system.
Janet reduction of 9; ¢ modulo { (p, {9:}), (q,{0z}), (r, {0, 0=}) }:

s = u((ug —7rs) — (6u? —uzpy)qe +qp) +

3umr+3(2u2um —UU— Uy Uy ) § = 6u‘3utur7x.

We have init(s) = 6 u? u;. Now, init(s) # 0 implies u, . = 0, which
results in the simple system

Sy i={u—6uu, =0, uy, =0, u7#0}
On the other hand, init(s) = 0 implies u; = 0, hence the simple system
Sy ={u =0, Upps— 66Uty =0, Uy 0, u#0}.

Thomas decomposition: S1, S, S3
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Thomas Decomposition
U — 6uly + Up pp = 0 (Korteweg-de Vries)
Ansatz:  u(t,z) = f(t)g(x)
PDE: U,z — Uy = 0

Thomas decomposition of  {u; — 6utty + Uy 50 =0, iy,

u; — 6uu, = 0 Uy

Uy, 2.0 — OUUL

Ugox = 0 Ug,x 7é
u =0 u # 0 u #
solutions: u(t, ) Lho ﬂ:/u(Z) dz
. = T = e —
’ —6t+cs uw(0) V223 —az—b
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Thomas Decomposition

® 1937: J. M. Thomas: “Differential Systems”.
@ 1998: D. Wang: implementation for algebraic systems

@ 2007: V. Gerdt: “On decomposition of algebraic PDE systems into
simple subsystems”

@ 2009: W. Plesken: "“Counting solutions of polynomial systems via
iterated fibrations”

@ since 2009: implementations in Maple for

@ algebraic systems (T. Bachler)

@ systems of PDEs (M. Lange-Hegermann)

T. Bachler, V. P. Gerdt, M. Lange-Hegermann, D. R,

Algorithmic Thomas decomposition of algebraic and differential systems,

J. Symbolic Computation 47(10):1233-1266, 2012.
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Example

det | usy Uyy Uy | =0, Q{u} with degrevlex ranking

Ug,z Uyz Uzz

Thomas decomposition:

det(. . ) =0 *uazuz,z + 2Uy Uz, 2 Uz, y — uy,yui,z =0
Uz,zUy,y — uz,z 75 0 Uy,z ;é 0
Uz, z 7£ 0 Uz,z = 0
Uz, zUzy — Uy, 2Uz,z = 0 Ug,z = 0 Uy,y = 0
Uz, 2 Uy,y — ugyz =0 Uy, z 0 Uy = 0
Uz,z # 0 Uz, z 0 Uz,z = 0
uyy # 0
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Example

Ug,z Uzy Uyy

det | Usy Uyy Uy | =0, Q{u} with degrevlex ranking
Ug,z Uy,z Uzz
det(. .
Usz,z Uy,y — Uy 5 7 0 Uz,z Uy,y —
Uz, z #0 x 0 Uz, z7 \

(T (T2) (T5)
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Example

det | Uzy Uyy Uy | =0, Q{u} with degrevlex ranking
Ug,z Uy,z Uzz

DifferentialAlgebra (Maple 17):

det(...) = 0 Uz, zUg,y — Uy, zUz,z = O

Uz, zUyy —u2 , # O Uz pUyy —u2, = 0

z,2%Y,Y Y,z z,2 %Y,y Y,z

Uz, z # 0
Uz,z = 0 uyy = 0
uy,z = 0 uy,z = 0
Uz,z = 0 Uz,z = 0
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Thomas Decomposition
R=K{uy,...,um}
Thm. S={p1=0,....ps=0,q1 #0,...,q # 0} simple diff. system
E diff. ideal generated by p1, ..., ps,
q product of initials and separants of all p;. Then
E: ¢ ={peR|q -p€Eforsomer e Z>y} = Ir(Sol(S))
consists of all diff. polynomials in R vanishing on Sol(S).
Thm. S not necessarily simple

S1, ..., Sy Thomas decomposition of S w.r.t. any ranking on R
VE : ¢® = (E(l) : (q(l))oo) n...N (E(T) : (q(’”))o")
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Elimination

Lemma
JCR:=K[Xy,...,Xpn,Y1,...,Y,] Janet basis w.r.t. any term order.

Forany 0#pe€ R let lm(p) be its leading monomial.
It {peJlpeKi,....Yn]} ={peJ|lm(p) € K[Y1,...,Yn]},

then  JNK[Y1,...,Y,,] generates (J)NKI[Y1,...,Y,]

Proof. Let 0#pe (J)NK[Y1,...,Y,]. Since J is a Janet basis,
g€ J, Im(q) € K[Y1,...,Yn], 1m(q) |1m(p).
By assumption, ¢ € K[Y1,...,Yn].

Reduction p =0 in K[Yy,...,Y,]. O
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Differential Elimination

Lemma
Let S be simple, w.r.t. any ranking >, FE diff. ideal generated by

S= ={p1,...,ps}, q prod.init. sep. of all p;;, V C{uy,...,um}
If P:={peST|peK{V}} ={peST|Ild(p) € Mon(A)V },
then (E:q®)NK{V} = E :(¢)%>,

E' diff. ideal of K{V} gen. by P, ¢ prod. of init. and sep. of p € P.

Proof. Let 0#pe (E:¢®°)NK{V}. Since S issimple,
bp = R-linear comb. of py, ..., ps and their derivatives
By assumption, for every Janet divisor is in K{V}.

Pseudo-reduction p — 0 in K{V}. O
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Nonlinear control systems

Stirred tank:

IRy

N

<
—~

~
~—

Fi(t) + Fa(t) — k/V(

c1 F1(t) + co Fg(t) —C(t)k‘ V(t)

o
—~
~+
=
<
—
~
N2

H. Kwakernaak, R. Sivan, Linear Optimal Control Systems, John Wiley & Sons, 1972.
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Nonlinear control systems

2-D crane:
mi = —T sinf
g mz = —Tcosf+mg
r = Rsinf+d
Y TS, S z = Rcosl
Z

M. Fliess, J. Lévine, P. Martin, P. Rouchon, Flatness and defect of non-linear systems:

introductory theory and examples, Internat. J. Control 61(6), 1327-1361, 1995.
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Nonlinear control systems

Unicycle:

“ z1 = cos(wz)us
Zo = sin(xz)uy
T3 = U2

H. Nijmeijer, A. van der Schaft, Nonlinear dynamical control systems, Springer, 1990.

G. Conte, C. H. Moog, A. M. Perdon, Nonlinear control systems, Vol. 242 of LNCIS,
Springer, 1999.
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Algebraic approach to systems theory

A few references:

S. Diop, Elimination in control theory,
Math. Control Signals Systems 4(1):17-32, 1991.

S. Diop, Differential-algebraic decision methods and some applications
to system theory, Theoret. Comput. Sci. 98(1):137-161, 1992.

M. Fliess, S. T. Glad, An Algebraic Approach to Linear and Nonlinear
Control, in: H. L. Trentelman and J. C. Willems (eds.),

Essays on Control: Perspectives in the Theory and its Applications,

pp. 223-267, Birkhauser, 1993.

M. Fliess, J. Lévine, P. Martin, P. Rouchon,

Flatness and defect of non-linear systems: introductory theory and
examples, Internat. J. Control 61(6):1327-1361, 1995.

J.-F. Pommaret, Partial differential control theory, Kluwer, 2001.

JNCF Luminy 2018



Example

Unicycle:

“ z1 = cos(wz)us
Zo = sin(xz)uy
T3 = U2

H. Nijmeijer, A. van der Schaft, Nonlinear dynamical control systems, Springer, 1990.

G. Conte, C. H. Moog, A. M. Perdon, Nonlinear control systems, Vol. 242 of LNCIS,
Springer, 1999.
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Example
R = Q{;z:l,scg, CI(?, SI3,U1,U27y1,y2}
block ranking > with {1, 22, cz3, sz3} > {u1,ua} > {y1,92}

> with(DifferentialThomas) :

> ivar := [t]: dvar := [x1,x2,cx3,sx3,ul,u2,yl,y2]:

> ComputeRanking(ivar,
[[x1,x2,cx3,sx3], [ul,u2], [y1,y2]11):

> L := [x1[t]-cx3*ul, x2[t]-sx3*ul, sx3[t]-cx3*u2,
yl-x1, y2-x2, cx3"2+sx372-1]:

> LL := Diff2JetList(Ind2Diff (L, ivar, dvar));
LL := [z11 — cx8oulg, 21— szloulg, sz31 — cxSouly,
yly—xlo, Y29 — 120, cx30>+ 5230% — 1]
> TD := DifferentialThomasDecomposition(LL, [cx3]);
TD := [DifferentialSystem, DifferentialSystem, DifferentialSystem,
DifferentialSystem, DifferentialSystem)
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Example

> Print(TD[1]);
el —y1 =0, 22-y2=0, ulcal—yl, =0, ulszd—y2 =0,
wl® —y1,> —y2,> =0, yl,*u2+y2, u2 —yl,y2,, +y2,yl,, =0,
Y2, #0, yl, #0, yl,>+y2>#0, y2yl,, —yly2,, # 0]
> collect(%[6], u2, factor);
(y1.2+y2,.2) w2 —yl,y2,, +y2yl,, =0

> Print(TD[2]);

[zl —yl =0, 22—-y2=0, ulcz3—yl,=0, ulsa3—y2, =0,
wl® —y1,? —y2,* =0, w2=0, y2,y1,,—yl,y2,,=0,
Y2, #0, yl, #0, yl,>+y2>#0]

(1) (y2)e -0

= &1 and o are proportional
(yl)t,t (y2)t,t ! 2 prop
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Example
> Print(TD[3]);
uz =0, y2,=0, yl;#0]

> Print(TD[4]);
[ﬂ_y1:07 ﬁ_y'gzou @_1:07 MZO, ﬂ_y—zt:07
w2 =0, y2,=0, yl,#0]
movement restricted to any of the two directions defined by the
x1-coordinate, no rotation allowed
> Print(TD[5]);
[ﬂ_ylzov ﬁ—yQ:O, @2"_5:532_1:0)
ul =0, yl,=0, y2,=0, s23+1#0, s23—1+#0

st8y — ul cx3 =0,

only rotation allowed, w1 is zero function
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Control Theory
R=K{uy,...,un}, U:={us,...;un}t, S simple diff. system

Def.
x €U s observable w.rt. 'Y CU — {z}
dpe(E:q¢>®)—{0} st
_— p € K{Y}[z] (without derivatives of x)
initial of p & (E : ¢*°), a—i Z (E:q™)
Def.

Y CU s a flat output

{ (E:¢>) N K{Y} = {0}
—

every z €U —Y isobservable w.rt. Y
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Example

Stirred tank:

<
—~

~
~—

Fi(t) + Fa(t) — k/V(

c1 F1(t) + co Fg(t) —C(t)k’ V(t)

o
—~
~+
~—
<
—~
~+
~

H. Kwakernaak, R. Sivan, Linear Optimal Control Systems, John Wiley & Sons, 1972.
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Example

R = Q{F1, F3,5V,c,c1,c2}, ranking > s.t. {Fy, Fo} > {sV,c} > {c1, 2}

> with(DifferentialThomas):
> ivar := [t]: dvar := [F1,F2,sV,c,cl,c2]:
> ComputeRanking(ivar, [[F1,F2],[sV,c],[cl,c2]]):

> L := [2%sV[t]*sV-F1-F2+k*sV,
c[t]*sV"2-c2*F2+cxk*xsV-c1*F1+2*xcxsV[t]*sV, c1[t], c2[t]]:

> LL := Diff2JetList(Ind2Diff(L, ivar, dvar));
LL := [28V18V0 — F10 — FQ() + kSV(),
018V02—620F20+Cok58V0—C]0F10+2CQSV18V07 clq, 021]

> TD := DifferentialThomasDecomposition(LL,
[sv[0],c1[0],c2[011);

TD := [DifferentialSystem, DifferentialSystem, DifferentialSystem)
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Example

> Print(TD[1]);
[c2F1 —cl F1+2csVsVy—2c2 sVsVi+esV?+cksV — c2ksV =0,
1 F2 — c2F2+2csVsV,—2cl sVsVyi+e;sV2+cksV — ¢l ksV =0,
cly =0, ¢2,=0, c2#0, c1#0, cl—c2#0, sV #0
> collect(%[1], F1);
(c2 —cl)F142¢csVsVy—2c2sVsV, +CtSV2 4+ cksV — c2ksV =0

> collect(%%[2], F2);
(¢l —c2)F2+42¢csVsVy—2cl sVsV, +sVE4cksV —cl ksV =0

= Fy, F5 observable with respect to {c, sV'}

(E:q™)NnQ{sV,c} = {0} = {c,sV'} is flat output
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Example

> Print(TD[2]);

[cF1 — ¢2F1 4 c¢F2 — c2 F2 4 ¢;sV? =0,
2¢sVy—2c2sVi+csV+ck—c2k=0, cl—-c2=0, c2,=0,
240, c—c240, sV#£0)

> Print(TD[3]);
[F14+F2—-2sVsVy—ksV =0, c—c2=0, cl—c2=0, c2,=0,
240, sV £0]

conditions ¢; = ¢o and (¢1): = (¢2): = 0 preclude control of the
concentration in the tank
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Example

2-D crane:
mi = —T sinf
g mz = —Tcosf+mg
r = Rsinf+d
Y TS, S z = Rcosl
z

M. Fliess, J. Lévine, P. Martin, P. Rouchon, Flatness and defect of non-linear systems:

introductory theory and examples, Internat. J. Control 61(6), 1327-1361, 1995.
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Example

Q(mag){Tv $,C, da R,SL’, Z}

block ranking > satisfying {7 s, c,d, R} > {z, 2z}

> with(DifferentialThomas):
> ivar := [t]: dvar := [T,s,c,d,R,x,z]:
> ComputeRanking(ivar, [[T,s,c,d,R],[x,z]]1):

> TD := DifferentialThomasDecomposition(
[m*x [2]+T[0]*s[0], m*z[2]+T[0]*c[0]-m*g,

x[01-R[0]*s[0]1-d[0], z[0]-R[0]1*c[0], c[0]-2+s[0]"2-1],
1;

TD := [DifferentialSystem, DifferentialSystem, DifferentialSystem,

DifferentialSystem, DifferentialSystem, DifferentialSystem,
DifferentialSystem)
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Example

> Print(TD[2]);
[T +mz,R—mgR=0, zRs—gRs—zx,,=0, Rc—z=0,
zigd — gd + 224y — 2208 + g =0,
Zt,t2E2 - 29%,1532 +¢*R* — 22w — 2Pz +292%2, — 972 =0,
2#0, 2 —g9#0, 34 #0, @2+Zt,t2*292t,t+92 # 0]
> collect(%[5], R, factor);

(zt,t — 9)2 R2 — 2’2 ($t7t2 + Zt,tQ — 2th,t + 92) = 0
= T,s,c,d, R observable with respect to {z, z}

(E:¢>®)NQ{z, z} = {0} = {z, z} is flat output
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Example
> Print(TD[1]);

[T=0, Rs+d—2=0, Rc—2z=0, d>—2zd+22—R2+22=0,

mzoz Ztt*g:(), g;é(], E7£07 E+Z7£O7 E7Z?£0]

> Print(TD[3]);
[T —mz+mg=0, s=0, ¢+1=0, d—x=0, R+z=0,
x4t =0, z#0]

> Print(TD[4]);
[T +mzi e —mg =0, s=0,
it =0, z#0]

> Print(TD[5]);

[(T—mg=0, gs+azic=0, ¢*>+z??—9¢*>=0, d—z=0, R

2=0, @2 #0, z,” +9°#0)

> Print(TD[6]);
[T+mg=0, s=0, ¢c+1=0, d—x=0, R=0, x;:=0, z=

> Print(TD[7]);
[ —mg=0, s=0,
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Example

_a(@)a&i(x) n 93 (x) (ia(m)) €a(x) + %a(m2)(V~§(X)) -

oz Ox1 Ox2
961(x) | 083(x)

—al(@2) Oz + 0o -
0¢1(x) 9&(x) 1 _
—a(:r:2)78z3 + Tozs 2 (V-¢(x) =

infinitesimal transformations of a Pfaffian system

Tma(xl,xg,xg) =0, Tma(gﬂl, x9,x3) = 0.

J.-F. Pommaret, A. Quadrat, Formal obstructions to the controllability of partial

differential control systems, Proc. IMACS, Berlin, vol. 5, pp. 209-214, 1997.
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Example
R= Q(xl,zg,xg){&,fg,fg,a} with diff. op. (91, 82, 83 w.r.t. x1, x9, T3

block ranking > on R with blocks {&1,&2,&3}, {a}
> with(DifferentialThomas) :
> ivar := [x1,x2,x3]: dvar := [xil,xi2,xi3,a]:

> ComputeRanking(ivar, [[xil,xi2,xi3],[al]):

> L := [-a*xil[x1]+xi3[x1]-a[x2]*xi2

+(1/2)*a* (xi1[x1]+xi2[x2]+xi3[x3]), -a*xil[x2]+xi3[x2],
—axxil [x3]+x13[x3] -(1/2)*(xil[x1]+xi2[x2]+xi3[x3]),
al[x1], alx3]]:

> LL := Diff2JetList(Ind2Diff (L, ivar, dvar));
LL = [~a0,00811,00+ 31,00+ /200,00 (&1 1,00 820,10 530,0,1)
—a0,1,0§20,0,0, —@0,00§10,1,0 T &30,1.,05
—a0,00§1001+1/283001 —1/2811 00— 1/2§2010, @100, @0,0,1]
> TD := DifferentialThomasDecomposition(LL, []);

TD := [DifferentialSystem, DifferentialSystem, DifferentialSystem)
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Example
> Print(TD[1]);
(81,9 — €5, =0, a®61,5+83,, =0, £2=0,
aflyy =283, —a€3,5 =0, a5 =0, G =0, a#0
parameter a = a(x2) non-zero, but otherwise arbitrary
> Print(TD[2]);
(a1, — €3, =0, @°€1,5 +af2,, — a2 +63,, =0,
all,; —al2,p + 20,062 =283, —a83,5 =0, az =0,
Gogoe =0, Ga203 =0, as3 =0, a#0, £27#0]
parameter subject to az, 5, =0
> Print(TD[3]);
(€1 ,100 V625000 =0, €141 00 +82,0,0=0, £33, =0, &£3,5=0,
€2, 3,50, a=0]

parameter a = 0
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